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A note on Carleson measures for Hardy spaces
Abstract
We investigate Carleson measures µ on D where D is the open unit disk in C, along with functional
analytic properties of the formal identitiy of the Hardy space H p (D) into the Lebesgue space Lq (µ),
for any previously ﬁxed 0 < p, q <  ∞. Our corresponding characterizations do not only extend the
classical results for measures concentrated on D but also provide diﬀerent proofs for the latter ones.
Among the  applications are generalizations to formal identities as above of several results which have
been known for composition operators only.  
A note on Carleson measures for Hardy spaces
Oscar Blasco (∗) and Hans Jarchow
Abstract We investigate Carleson measures µ on D where D is the open unit disk
in C, along with functional analytic properties of the formal identitiy of the Hardy
space Hp(D) into the Lebesgue space Lq(µ), for any previously ﬁxed 0<p,q<∞. Our
corresponding characterizations do not only extend the classical results for measures
concentrated on D but also provide diﬀerent proofs for the latter ones. Among the
applications are generalizations to formal identities as above of several results which
have been known for composition operators only.
1. Introduction
We are going to work on the open unit disk D= {z∈C : |z|<1} in the complex plane, its
closure D and the unit circle T= ∂D.
In the sequel, dm≡ dt/2π will be the Haar measure on the Borel subsets of T. Given a Borel
set B⊆T, we shall often write |B| instead of m(B). The Lebesgue spaces Lp(m) will also be
denoted Lp(T), 0<p≤∞. The canonical norm (p-norm if 0<p<1) on Lp(T) is ‖ · ‖p.
We denote by H(D) the space of all analytic functions D→C. This is a Fre´chet space with
respect to the topology of local uniform convergence (uniform convergence on compact subsets of
D). By Montel’s Theorem, bounded subsets of H(D) are relatively compact.
Let f :D→C be analytic. For each 0<r<1, fr :D→C :z →f(rz) is continuous, analytic on
D, and Mp(f,r):=‖fr‖p<∞ for all 0<p≤∞. The classical Hardy space Hp(D) consists of all
analytic functions f :D→C such that ‖f‖Hp :=supr<1Mp(f,r) is ﬁnite. Again, we get a Banach
space if 1≤p<∞, and a p-Banach space if 0<p<1. The usual Banach space of bounded analytic
functions will be denoted by H∞(D). If 0<q<p<∞, then H∞(D) ↪→Hp(D) ↪→Hq(D) continuously
with ‘norm’ one.
Recall that if f is in Hp(D), for 0<p≤∞, then f∗(eit)= lim
r→1
fr(eit) exists m-a.e. on T
(Fatou’s Theorem). Moreover, an element f∗ of Lp(T) is generated in this way, and f →f∗ deﬁnes
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an isometric embedding Hp(D)→Lp(T). Its range, Hp(T), is the closure (weak∗-closure if p=∞)
of the set of polynomials in Lp(T). This leads to the identiﬁcation of Hp(D) and Hp(T), and to
the use of Hp as a common symbol.
We ﬁnd it justiﬁed, however, to be more explicit and look at f →(f,f∗) as an isometric
isomorphism of Hp(D) onto the “diagonal” of Hp(D)⊕∞Hp(T). Accordingly, we denote by f• the
pair (f,f∗), as well as any measurable function F :D→C such that F |D=f and F (eit)=f∗(eit)
m-a.e. on T. We may thus say that f• is obtained by juxtaposition of f and (any representative
of) f∗.
We will investigate Carleson measures on D, i.e. ﬁnite, positive Borel measures µ such that,
for given values of 0<p,q<∞, the formal identity Jµ :Hp→Lq(µ):f →f exists. By the closed
graph theorem, Jµ is then a bounded operator.
Let us start by two examples of such a situation. The ﬁrst one is due to L. Carleson (see [4],
[5]): Let 0<p<∞ and let (zn) be a uniformly separated sequence in D, that is,
∞∏
j=1,j =k
|zk−zj |
|1− z¯jzk| ≥δ
holds for some δ>0 and all k∈N. Then
( ∞∑
n=1
(1−|zn|)|f(zn)|p
)1/p
≤ C ‖f‖p (1)
for all f ∈Hp(D).
The second is the Fe´jer-Riesz inequality (see [4], page 46): if 0<p<∞ then
(∫ 1
−1
|f(x)|pdx
)1/p
≤ C ‖f‖p (2)
for all f ∈Hp(D).
Each of these examples furnishes us with a measure µ on D such that the formal identity
Jµ :Hp(D)→Lp(µ):f→f exists as a bounded operator. Such measures are characterized by a
celebrated theorem due to L. Carleson. In order to state it we need some notation.
Let I be the collection of half-open intervals in T of the form I={eit :θ1≤t<θ2} where
0≤θ1<θ2<2π. With each 0 =z∈D we associate the interval I(z)∈I such that |I(z)|=1−|z| and
z/|z| is the center of I(z). Let S(z) be the half-open Carleson box over I(z) which has z on its
‘inner arc’; we suppose this inner arc and the boundary part ‘to the right’ to belong to S(z). For
convenience, let us put I(0)=T and S(0)=D.
Given I∈I, we will also write S(I) for the Carleson box S(zI) where zI ∈D is such that
1−|zI |= |I| and ζI =zI/|zI | is the center of I.
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Theorem 1.1. (see [4], [5]) Let µ be a ﬁnite, positive measure on D and let 0<p<∞. Then
Jµ :Hp(D)→Lp(µ) exists if and only if
µD(S(z)) ≤ C |I(z)| ∀ 0 =z∈D.
Several classical inequalities are equivalent to the existence of Jµ as an operator Hp(D)→Lq(µ)
when p≤q.
An example is the following result of Hardy-Littlewood (see [4], page 87): if 0<p<q<∞
then (∫
D
(1−|z|)(q/p)−2|f(z)|q dA(z)
)1/q
≤ C ‖f‖p (3)
for all f ∈Hp(D).
Another example concerns the Bergman space B2 which consists of all f ∈H(D) such that∫
D
|f(z)|2dA(z) is ﬁnite. Here we use dA(z) to denote normalized area measure (dxdy)/π on the
Borel subsets of D. It is readily seen, using e.g. Hardy’s inequality (see [4], page 48), that H1(D)
embeds boundedly into B2: (∫
D
|f(z)|2dA(z)
)1/2
≤ ‖f‖1 (4)
for all f ∈H2(D).
More generally, if we associate with each α>−1 the probability measure dAα(z)=
(α+1)(1−|z|2)αdA(z) on D, and if we take 0<p≤q<∞, then Hp(D) embeds boundedly into the
‘weighted Bergman space’ Bqα :=L
q(dAα)∩H(D) if and only if α+2≥q/p. See C. Horowitz [6] and
also [10].
P. Duren extended Carleson’s Theorem 1.1 to the range 0<p<q<∞.
Theorem 1.2. (see [4], page 163) Let µ be a ﬁnite, positive measure on D and let 0<p<q<∞.
Then Jµ :Hp(D)→Lq(µ) exists if and only if
µD(S(z)) ≤ C |I(z)|q/p ∀ 0 =z∈D .
Now we turn to the case 0<q<p<∞. Recall that
(1−|z|2)1/p|f(z)| ≤ ‖f‖p (5)
for any 0<p<∞, f ∈Hp(D) and z∈D. Thus, if p>1 and g∈L1(dA), then the measure
dµ(z)=(1−|z|)1/pg(z)dA(z) provides an example where Jµ :Hp(D)→L1(µ) exists and is bounded.
Moreover, if p>q, then Hp embeds into Bqα⊆Lq(Aα) if and only if α+1>q/p; see again [6] and
[10]. The complete characterization of measures of this type is due to I.V. Videnskii [14] and D.H.
Luecking [11]. Let us denote by Γ(ζ) the Stolz domain generated by ζ∈T, i.e. the interior of the
convex hull of {ζ}∪(αD); here 0<α<1 is arbitrary, but ﬁxed.
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Theorem 1.3. (see [11], Theorem C) Let µ be a ﬁnite, positive measure on D and let 0<q<p<∞.
Then Jµ maps H
p(D) into Lq(µ) if and only if the function
ζ →
∫
Γ(ζ)
dµ(z)
1−|z|2 belongs to L
p/(p−q)(T) .
As we will see in this paper, it is actually important not to limit considerations to Carleson
measures which are deﬁned only on D but to take measures into account which live on all of the
closed disk D. For instance, if 1/q=1/p+1/s, then any measure concentrated on T which is of the
form dµ=gdm with g∈Ls(T) gives rise to a bounded embedding from Hp(D) into Lq(µ).
Composition operators provide further examples. Let ϕ :D→D be an analytic function and let
0<p,q<∞ be arbitrary. The problem of characterizing those ‘symbols’ ϕ for which Cϕ :f →f ◦ϕ
acts boundedly from Hp(D) to Hq(D), that is for which
(∫
T
|f(ϕ(eiθ))|qdθ
)1/q
≤ C ‖f‖p
holds for all f ∈Hp(D), can be rephrased in terms of image measures deﬁned on D. Indeed, a
Borel measure mϕ on D is given by
mϕ(B) := m((ϕ∗)−1(B))
and ∫
D
|f•|q dmϕ =
∫
T
|f•◦ϕ∗|q dm =
∫
T
|(f ◦ϕ)∗|dm = ‖Cϕf‖Hq(D)
holds for all f ∈Hq(D). Thus Jmϕ :Hp(D)→Lq(mϕ) exists and is bounded if and only if Cϕ maps
Hp(D) boundedly into Hq(D).
In what follows we are going to present proofs of versions of Theorems 1.1, 1.2 and 1.3 which
are valid for measures deﬁned on D. We settle the case p<q ﬁrst and use this in turn to pass the
case p=q. Our approach for the case p<q relies upon the Hardy-Littlewood inequality (3) and is
thus quite diﬀerent from the classical one where arguments from the proof of Carleson’s theorem
(case p=q) are used to derive Duren’s theorem (case p<q).
In Section 3 we are going to investigate compactness properties of Carleson measures µ
on D such that the Carleson embedding Jµ :Hp(D)→Lq(µ) exists and is compact, completely
continuous, or weakly compact. Among others, we will see that several results which are known
for composition operators on Hardy spaces can actually be extended to such embeddings.
In this paper, constants will generally be denoted by C; sometimes we will use indices. As a
consequence, the value of C ... may change at each occurrence, e.g. from line to line in chains of
inequalities.
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2. (p,q)-Carleson measures on D
Let us agree that, from now on, all measures on D, D, or T will be ﬁnite, positive Borel
measures. Let 0<p,q<∞. A measure µ on D is called a (p,q)-Carleson measure if f →f• deﬁnes
a (linear, bounded) operator
Jµ :Hp(D) → Lq(µ) .
First we observe that this notion only depends on the ratio p/q.
Lemma 2.1. Let 0<p,s,q<∞. A measure µ on D is a (p,q)-Carleson measure if and only if it is
an (sp,sq)-Carleson measure.
Proof. It suﬃces to check one implication. Assume Jµ :Hp(D)→Lq(µ) is deﬁned. Given
f ∈Hps(D) we write f=bf1 where f1(z) =0 for all z∈D and b is the Blaschke product deﬁned by
the zeros of f . Consider g=fs1 ∈H(D). Then ‖g‖p=‖f‖ps, hence
∫
D
|f(z)|qsdµ(z) ≤
∫
D
|g(z)|q dµ(z) ≤ C ‖g‖qp = C ‖f‖qps .
We start by presenting a version of Theorem 1.3 for measures on D. The proof uses ideas
from [11]. For each 0 =z∈D, we denote by I˜(z) the interval {ζ∈T :z∈Γ(ζ)}. Clearly z/|z| is the
center of I˜(z) and |I˜(z)| ≈ 1−|z|. Let Pz(ζ) = 1−|z|
2
|1−zζ¯|2 be the Poisson kernel. It is easy to see that
χI(z)
1−|z|2 ≤ CPz and
χI˜(z)
1−|z|2 ≤ CPz.
Given any measure µ on D, we denote by µD and µT its restrictions to the Borel subsets
of D and T, respectively. If µ is a (p,q)-Carleson measure then Jµ
D
:Hp(D)→Lq(µD):f →f and
Jµ
T
:Hp(T)→Lq(µT):f∗ →f∗ are well-deﬁned operators.
Theorem 2.2. Let µ be a measure on D, 0<q<p<∞ and s=p/(p−q). For µ to be a
(p,q)-Carleson measure on D it is necessary and suﬃcient that ζ →
∫
Γ(ζ)
dµ(z)
1−|z|2 is a function in
Ls(T) and that µT=F dm holds for some F ∈Ls(T).
Proof. If µ is a (p,q)-Carleson measure on D then, by Lemma 2.1, it is also a (p/q,1)-Carleson
measure. We claim that ζ →
∫
Γ(ζ)
dµ(z)
1−|z|2 deﬁnes a member of L
s(T).
Since s is the conjugate exponent for p/q, it suﬃces to show that, given any 0≤g∈Lp/q(T)
of norm one, ∫
T
g(ζ)
∫
Γ(ζ)
dµ(z)
1−|z|2 dm(ζ) ≤ C . (6)
Observe that ∫
T
g(ζ)
∫
Γ(ζ)
dµ(z)
1−|z|2 dm(ζ) =
∫
D
(∫
I˜(z)
g(ζ)dm(ζ)
) dµ(z)
1−|z|2 .
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Using that
1
|I˜(z)| ≤CPz(ζ) for ζ∈ I˜(z) we get
∫
D
(∫
I˜(z)
g(ζ)dm(ζ)
) dµ(z)
1−|z|2 ≤ C
∫
D
P (g)(z)dµ(z) ;
here P (g) is the harmonic extension of g. Since p/q>1 there is an f ∈Hp/q(D) such that
P (g)=Re(f) and ‖f‖p/q≤Cp‖g‖p/q. This proves (6).
It is easy to see that µT=F dm holds for some F ∈Ls(T). In fact, if f ∈H(D)∩C(T)
then |∫
T
f dµT |≤
∫
T
|f |dµT≤C ‖f‖p/q. Thus µT∈(Hp/q)∗=Hs and so µT=F dm, even for some
F ∈Hs(T).
Suppose conversely that the function ζ →
∫
Γ(ζ)
dν(z)
1−|z|2 belongs to L
s(T) and that there is an
F ∈Ls(T) such that µT=F dm. Then
∫
T
|f(ζ)|q dµ(ζ) =
∫
T
|f(ζ)|qF (ζ)dm(ζ) ≤ ‖f‖qp ‖F‖qs
and ∫
D
|f(z)|qdµ(z) ≈
∫
D
(∫
I˜(z)
dm(ζ)
)
|f(z)|q dµ(z)
1−|z|2
=
∫
T
∫
Γ(ζ)
|f(z)|q dµ(z)
1−|z|2 dm(ζ)
≤ C
∫
T
(P (f)∗(ζ))q
∫
Γ(ζ)
dµ(z)
1−|z|2 dm(ζ) ;
here P (f)∗ is the maximal function given by P (f)∗(ζ)=supz∈Γ(ζ) |f(z)|. By Ho¨lder’s inequality,
∫
D
|f(z)|q dµ(z) ≤ C
(∫
T
(P (f)∗(ζ))pdm(ζ)
)q/p∫
T
(∫
Γ(ζ)
dµ(z)
1−|z|2 )
sdm(ζ)
)1/s
.
The proof is completed by recalling that P (f)∗∈Lp if f ∈Hp.
Now we pass to the case p≤q. The following contains one implication of the D -versions of
Theorems 1.1 and 1.2.
Proposition 2.3. Let µ be a measure on D and let 0<p≤q<∞. If µ is (p,q)-Carleson measure
then
max{µD(S(z)),µT(I(z))} ≤ C |I(z)|q/p ∀ 0 =z∈D .
Proof. Take z∈D and consider f(w) = 1
(1− z¯w)2/p . Then ‖f‖p =
1
(1−|z|2)1/p and by assumption
∫
D
1
|1− z¯w|2q/p dµ(w) ≤ C
1
(1−|z|2)q/p .
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Notice that w∈S(z)∪I(z) implies
∣∣∣w− z|z|
∣∣∣≤C1(1−|z|) and so |w−z| ≤ 2C1(1−|z|). Also,
|1− z¯w| ≤C2 (1−|z|2). Hence
µD(S(z))+µT(I(z))
(1−|z|2)2q/p ≤ C3
∫
D
1
|1− z¯w|2q/p dµ(w) ≤ C
1
(1−|z|2)q/p .
To obtain the complete version of Duren’s Theorem 1.2 for measures on D, we use a
characterization of Carleson measures in terms of the Poisson kernel and a theorem due to
Hardy-Littlewood. The following lemma is a modiﬁcation of Lemma 3.3 in [5] (see also [1] for a
proof which covers even more general situations).
Lemma 2.4. Let µ be a measure on D and 0<α<β. Then
max{µD(S(z)),µT(I(z))} ≤ C |I(z)|α ∀ 0 =z∈D
if and only if
sup
|z|<1
∫
D
(1−|z|2)β−α
|1−w¯z|β dµ(w) < ∞ .
Proof. Suppose that the supremum exists and ﬁx 0 =z∈D. Recall that |1−w¯z|≤C (1−|z|2) for
w∈S(z)∪I(z). It follows that
µD(S(z))
(1−|z|2)α +
µT(I(z))
(1−|z|2)α ≤ C
∫
D
(1−|z|2)β−α
|1−w¯z|β dµ(w) .
Assume now that max{µD(S(z)),µT(I(z))}≤C |I(z)|α holds for all 0 =z∈D. In order to
verify the boundedness of our integrals it suﬃces to look at z’s which are ‘big’, e.g. |z|>3/4. Fix
such a z and consider the sets
En =
{
w∈D :
∣∣∣w− z|z|
∣∣∣< 2n(1−|z|)
}
(n=0,1,2,...) .
These sets form an increasing sequence for which a smallest integer n(z) exists such that En=D
if n>n(z). We put zn=0 if n>n(z). For each 1≤n≤n(z) there is a zn∈D (a multiple of z/|z|)
such that En⊆S(zn)∪I(zn) and 1−|zn| ≤ 2n (1−|z|). Thanks to our assumption
µ(En) ≤ C 2nα(1−|z|)α
for all n. On the other hand, using that 1−|z|≤|1−w¯z| and that |1−w¯z| ≥C 2n(1−|z|2) for
w /∈En, we get
∫
D
(1−|z|2)β−α
|1−w¯z|β dµ(w) ≤
∫
E0
(1−|z|2)β−α
|1−w¯z|β dµ(w) +
n(z)∑
n=1
∫
En\En−1
(1−|z|2)β−α
|1−w¯z|β dµ(w)
≤ C µ(E0)
(1−|z|2)α + C
n(z)∑
n=1
µ(En\En−1)
2βn(1−|z|2)α
≤ C + C
∞∑
n=1
1
2n(β−α)
< ∞ .
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Theorem 2.5. Let 0<p<q<∞. A measure µ on D is a (p,q)-Carleson measure if and only if
µT=0 and there exists a C>0 such that
µD(S(z)) ≤ C |I(z)|q/p ∀ 0 =z∈D .
Proof. Assume that µ is a (p,q)-Carleson measure. Then the condition on µD follows from
Proposition 2.3. To verify µT=0 we observe that since p/q<1 and since every open set Ω⊆T is
the union of countably many disjoint intervals I(z), we may conclude that µT(Ω)p/q≤C |Ω|. By
the regularity of the involved measures, we even get µT(B)p/q≤C |B| for all Borel sets B⊆T.
In particular, µTm and so dµT=F dm for some F ∈L1(m). Now we apply the Lebesgue
diﬀerentiation theorem to get
F (ζ) = lim
|I|→0,ζ∈I
1
|I|
∫
I
F dm ≤ lim
|I|→0,ζ∈I
|I|(q/p)−1 = 0
m-a.e., whence µT=0.
Suppose now that conversely µD(S(z))≤C |I(z)|q/p ∀0 =z∈D and that µT=0. Accordingly,
we can identify µ and µD. By Lemma 2.1, boundedness of Jµ :Hp(D)→Lq(µ) is equivalent to
boundedness of Jµ :Hp/q(D)→L1(µ), and from Lemma 2.4 we know that, for any β>q/p,
sup
|z|<1
∫
D
(1−|z|2)β−(q/p)
|1−w¯z|β dµ(z) < ∞ .
We use the following reproducing formula for β≥2 (see [15], p.53): if z∈D then
f(z) = Cβ
∫
D
(1−|w|2)β−2f(w)
(1−w¯z)β dA(w)
for appropriate analytic functions f . In particular, if f ∈Hp/q(D) and β>max{q/p,2} then
∫
D
|f(z)|dµ(z) ≤ Cβ
∫
D
∫
D
(1−|w|2)β−2|f(w)|
|1−w¯z|β dA(w)dµ(z)
= Cβ
∫
D
(∫
D
dµ(z)
|1−w¯z|β
)
(1−|w|2)β−2|f(w)|dA(w)
≤ C
∫
D
|f(w)|(1−|w|)(q/p)−2dA(w) .
Now appeal to (3) to obtain
∫
D
|f(z)|dµ(z)≤C ‖f‖p/q. The proof is complete.
Finally we proceed to the D -version of Carleson’s theorem 1.1.
Theorem 2.6. Let 0<p<∞. A measure µ on D is a (p,p)-Carleson measure if and only if there
exists F ∈L∞(m) such that µT=F dm and µD(S(z))≤C |I(z)| for all 0 =z∈D and some constant
C>0.
Proof. The direct implication is Proposition 2.3. As in the proof of Theorem 2.5 we obtain
µT=F dm for some F ≥0 in L1(m). Writing
∫
B
F dm=µT(B)≤C |B|=C
∫
B
dm for Borel sets
B⊆T, we see that F ≤C m-a.e.
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Assume next that µ= µD+F dm for some F ∈L∞(m) and that µD(S(z))≤C |I(z)| ∀0 =z∈D.
We shall prove that Jµ :H2(D)→L2(µ) is bounded, equivalently, that Jµ :H2(D)→L1(gµ) is
bounded uniformly in the functions g≥0 from the unit ball of L2(µ). Given such a g, put
dν = gdµ. By Therorem 2.2, we need to show that ζ →
∫
Γ(ζ)
g(z)dµ(z)
1−|z|2 is a member of L
2(T) and
that νT =Gdm for some G∈L2(T).
On the one hand,
∫
T
|g(ζ)|2dµT (ζ)≤
∫
D
|g(w)|2dµ(w)<∞ so that G(ζ)=g(ζ)F (ζ) deﬁnes a
member of L2(T).
On the other hand, if 0≤h∈L2(T) then∫
T
h(ζ)
(∫
Γ(ζ)
g(z)dµ(z)
1−|z|2
)
dm(ζ) =
∫
D
(∫
I˜(z)
h(ζ)dm(ζ)
)g(z)dµ(z)
1−|z|2 .
Writing H(z) =
1
|I(z)|
∫
I˜(z)
h(ζ)dm(ζ) we have
∫
T
h(ζ)
(∫
Γ(ζ)
g(z)dµ(z)
1−|z|2
)
dm(ζ) ≈
∫
D
H(z)g(z)dµ(z) .
All we need to show then is that h →H deﬁnes a bounded operator L2(T)→L2(ν).
Deﬁne MH(ζ)=supz∈Γ(ζ)H(z) and note that if H(z)>λ then MH(ζ)>λ for ζ∈ I˜(z).
Represent {MH(ζ)>λ} as a disjoint union of intervals Ij∈I and denote by Sj the corresponding
Carleson boxes. Put Aj={z∈D : I˜(z)⊆Ij} and note that Aj⊆ S˜j where S˜j is an appropriate
dilated copy of Sj . Now the assumption µD(Sj)≤C|Ij | yields
µD{H(z)>λ} ≤
∑
j
µD(Aj) ≤ C
∑
j
|Ij | ≤ C |{MH(ζ)>λ}| . (7)
Since MH(ζ)≤C (P (h))∗(ζ)=C supz∈Γ(ζ)P (h)(z) we obtain the desired result, using a Hardy-
Littlewood weak type (1,1)-estimate and interpolation with the trival boundedness from L∞(T) to
L∞(µD). Details are e.g. in J.B. Garnett’s book [5].
3. Compactness of Carleson measures
Let X and Y be quasi-Banach spaces, X with a separating dual (e.g., X=Hp, 0<p≤∞).
An operator u :X→Y is called completely continuous if limn‖uxn‖Y =0 holds for every weak null
sequence (xn) in X.
Compact operators are completely continuous, and completely continuous operators with
domain e.g. a reﬂexive Banach space are compact. On the other hand, there are inﬁnite
dimensional Banach spaces whose identity is completely continuous, the most prominent example
being the sequence space 61; see e.g. [3], page 6.
We say that a measure µ on D is a compact (p,q)-Carleson measure if the formal identity
Jµ :Hp(D)→Lq(µ) exists as a compact operator.
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Proposition 3.1. Let 0<p,q<∞. If Jµ is completely continuous (in particular if µ is a compact
(p,q)-Carleson measure on D) then µT=0.
Proof. The sequence (zn) of monomials is a weak null sequence in Hp(D) so that
limn
∫
D
|zn|q dµ=0 by hypothesis. But µ(T)=∫
T
|zn|q dµ for all n, whence µ(T)=0.
As in the case boundedness, compactness of Carleson measures only depends on p/q.
Proposition 3.2. Let 0<p,q,r<∞. A measure µ on D is a compact (p,q)-Carleson measure if
and only if it is a compact (rp,rq)-Carleson measure.
Proof. If Jµ :Hp(D)→Lq(µ) is compact then µT=0, as we have just seen. Let (fn) be a
bounded sequence in Hrp(D). By Montel’s Theorem and Fatou’s Lemma, there is no loss of
generality to assume that (fn) converges to 0 locally uniformly. For each n write fn=bn gn where
bn is a Blaschke product and gn∈Hrp has no zeros. Again, we may assume that (bn) and (gn)
converge locally uniformly to some b∈H∞(D) and g∈Hrp(D), respectively. A well-known theorem
of Hurwitz tells us that g either has no zeros or vanishes identically. But since b(z)g(z)=0 ∀z∈D
and since the bn’s are Blaschke products, the second alternative applies.
Now (grn) is a bounded sequence in H
p(D) which converges pointwise to zero. By hypothesis,
limk‖grnk‖Lq(µ)=0 for suitably chosen nk, and so limk‖fnk‖Lrq(µ)=0.
Lemma 2.4 and Theorem 2.5 have “little o” counterparts.
Lemma 3.3. Let µ be a measure on D and let 0<α<β. Then
lim
I∈I,|I|→0
max{µD(S(I)),µT(I)}
|I|α = 0
if and only if
lim
|z|→1
∫
D
(1−|z|q)β−α
|1−w¯z|β dµ(w) = 0 .
Proof. The ”if” implication is obtained as in Lemma 2.4:
µD(S(I))
|I|α +
µT(I)
|I|α ≤ C
∫
D
(1−|zI |2)β−α
|1−w¯zI |β dµ(w) ∀ I∈I .
As for the converse, take any ε>0 and choose δ>0 such that
max{µD(S(z)),µT(I(z))} ≤ ε |I(z)|α
whenever if |I(z)|<δ. As in the proof of 2.4, ﬁx |z|>3/4 and consider the sets
En =
{
w∈D :
∣∣∣w− z|z|
∣∣∣< 2n(1−|z|)
}
, n=0,1,2,... .
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Recall that ∫
D
(1−|z|2)β−α
|1−w¯z|β dµ(w) ≤ C
µ(E0)
(1−|z|2)α + C
∞∑
n=1
µ(En\En−1)
2βn(1−|z|2)α
and that, independent of z, the series is majorized by a convergent series. Accordingly, there is an
n0 such that
∫
D
(1−|z|2)β−α
|1−w¯z|β dµ(w) ≤ C
µ(E0)
(1−|z|2)α + C
n0∑
n=1
µ(En\En−1)
2βn(1−|z|2)α + ε .
Now take any 0<δ′<δ2−n0 . For 1−|z|<δ′ and n≥n0, our assumption yields
µ(En) ≤ ε2nα (1−|z|)α ,
so that, whenever |z|<1−δ′, ∫
D
(1−|z|2)β−α
|1−w¯z|β dµ(w) ≤ Cε .
Theorem 3.4. Let 0<p≤q<∞. A measure µ on D is a compact (p,q)-Carleson measure if and
only if µT=0 and
lim
|I|→0
µD(S(I))
|I|q/p = 0 .
Proof. Assume µ on D is a compact (p,q)-Carleson measure. By Proposition 3.1 one gets
µT=0. Select an increasing sequence (rn) of positive numbers with limit 1 and deﬁne unit vectors
fn∈Hp(D) by fn(w)= (1−r
2
n)
1/p
(1−rnw)2/p , w∈D, n∈N. By assumption, some subsequence (frnk )k
converges in Lq(µ). But (fn) converges pointwise to zero so that
lim
k→∞
∫
D
(1−r2nk)q/p
|1−rnkw|2q/p
dµ(w) = 0 .
The direct implication follows easily by invoking Lemma 3.3.
Assume conversely that µT=0 and lim
I∈I,|I|→0
µD(S(I))
|I|q/p =0. By Theorem 2.5, µ is a
(p,q)-Carleson measure.
First we settle case p<q. By Propositon 3.2 we are done once we have shown that
JµD :H
p/q(D)→L1(µD) is compact. To this end, we ﬁx β>max{q/p,2} and use Lemma 3.3 to ﬁnd,
given any ε>0, a δ>0 such that if 1−|w|<δ then
∫
D
(1−|w|2)β−(q/p)
|1−w¯z|β dµ(z) < ε .
11
Repeating an argument from the proof of Theorem 2.5 we get, for any f ∈Hp/q(D),
∫
D
|f(z)|dµ(z) ≤ C
∫
D
∫
D
(1−|w|)β−2|f(w)|
|1−w¯z|β dA(w)dµ(z)
≤ C
∫
D
(∫
D
dµ(z)
|1−w¯z|β
)
(1−|w|)β−2|f(w)|dA(w)
≤ C
∫
|w|≤1−δ
|f(w)|(1−|w|)(q/p)−2dA(w)
+ Cε
∫
|w|>1−δ
|f(w)|(1−|w|)(q/p)−2dA(w)
≤ C
∫
|w|≤1−δ
|f(w)|(1−|w|)(q/p)−2dA(w) + Cε‖f‖p/q .
Let now (fn) be a bounded sequence in Hp/q(D). Again we can assume, by Montel’s
Theorem and Fatou’s Lemma, that (fn) converges to zero locally uniformly. In combination with
the previous estimates this ﬁnishes the proof when p<q.
Now we pass to the case p=q. By Proposition 3.2 it is enough to deal with p=q=2 and to
show that limn→∞
∫
D
|fn(z)|2dµ(z)=0 holds for any weak null sequence (fn) in H2.
For 0<r<1, write dµr=χ{|z|≤r}dµ. Then dµ−dµr=χ{r<|z|<1}dµ and∫
D
|fn(z)|2dµ(z) =
∫
D
|fn(z)|2dµr(z) +
∫
D
|fn(z)|2 (dµ−dµr)(z) .
Apply Theorem 2.6 to the (2,2)-Carleson measure µ−µr to get
(∫
D
|fn(z)|2 (dµ−dµr)(z)
)1/2
≤ C sup
I∈I
(µ−µr)S(I)
|I| ‖fn‖2 .
Observe now that, given I∈I and 0<r<1 such that 1−r< |I|,
S(I)∩ {z :r< |z|<1} =
N(I)⋃
k=1
S(Ik)
where N(I)≈ |I|1−r and the Ik are pairwise disjoint intervals of equal length 1−r (except perhaps
one interval of length ≤1−r). Note that
(µ−µr)(S(I))
|I| =
µ(S(I)∩{z :r< |z|<1})
|I| ≤ sup|J|≤1−r
µ(S(J))
|J | .
Since (fn) is bounded in H2, the assumption shows that, given ε>0, there exists an r0<1 such
that for any r0<r<1 ∫
D
|fn(z)|2 (dµ−dµr)(z) < ε/2 .
Since (fn) converges locally uniformly to zero, there exists an n0 such that∫
D
|fn(z)|2dµr0(z) < ε/2
for n≥n0. The proof is complete.
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Corollary 3.5. If 0<p≤r<q<∞ then every (p,q)-Carleson measure on D is a compact
(p,r)-Carleson measure.
Next we take a closer look at complete continuity of Carleson embeddings. We start by a
general result:
Theorem 3.6. Let µ be a (p,q)-Carleson measure on D, 0<p,q<∞. Then µT=0 if and only if
Jµ :Hp/q(D)→L1(µ) is completely continuous.
Proof. If µT=0 then µ=µD and Jµ is just the map Hp/q(D)→L1(µD):f →f . Let (fn) be a weak
null sequence in Hp/q(D). By continuity of point evaluations, limnfn(z)=0 ∀z∈D. Also, (fn) is
uniformly integrable in L1(µD): given ε>0 there is a δ>0 such that if B⊆D is any Borel set with
µ(B)<δ then
∫
B
|fn|dµ<ε for all n. But fn→0 pointwise, so that Egorov’s Theorem provides us
with a Borel set B⊆D such that µ(B)<δ and limnfn(z)=0 uniformly on D\B. Accordingly, there
is an nε∈N such that
∫
D\B |fn|dµ<ε for n≥nε. We conclude that ‖fn‖L1(µ)<2ε for all n≥nε:
(fn) is a null sequence in the Banach space L1(µ). We have shown that Jµ :Hp/q(D)→L1(µ) is
completely continuous.
Conversely, if Jµ :Hp/q(D)→L1(µ) is completely continuous then, by Proposition 3.1, µT=0.
When p =q, then complete continuity of Carleson embeddings depends heavily on the sign of
p−q.
Corollary 3.7. Let 0<q<p<∞ and µ a (p,q)-Carleson measure on D. The following statements
are equivalent:
(i) Jµ :Hp(D)→Lq(µ) is completely continuous.
(ii) µT = 0.
(iii) µ is a compact (p,q)-Carleson measure.
Proof. (i)⇒(ii) follows from Proposition 3.1.
(ii)⇒(iii) It follows from Theorem 3.6 that Jµ :Hp/q(D)→L1(µ) is completely continuous and so
compact, since p/q>1. Hence Jµ :Hp(D)→Lq(µ) is compact by Proposition 3.2.
(ii)⇒(iii) is again obvious.
Let now 1<s≤∞, and let is :Hs(D)→H1(D) be the formal identity. Combining the previous
results we get
Corollary 3.8. If µ is a (1,1)-Carleson measure on D then the following statements are equivalent:
(i) µT = 0.
(ii) Jµ :H1(D)→L1(µ) is completely continuous.
(iii) Jµ◦is :Hs(D)→L1(µ) is compact for all 1<s≤∞.
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(iv) Jµ◦is :Hs(D)→L1(µ) is compact for some 1<s≤∞.
Proof. (i)⇒(ii) follows from Theorem 3.7. (ii)⇒(iii) holds because is is weakly compact, and
(iii)⇒(iv) is trivial. It is also easy to settle (iv)⇒(i): (zn) is bounded in H∞(D) and so has, by
compactness of Jµ◦i∞, a subsequence (znk) which converges in L1(µ). The limit must be zero
since (zn) is weak null in H1. By Lebesgue dominated convergence theorem, limn
∫
D
|znk |dµ=0, so
that the claim follows since µ(T)=
∫
D
|znk |dµ−∫
D
|znk |dµ for all k.
In a special case, the equivalence of (i) and (ii) was used by J. Cima and A. Matheson (see
[2]) to show:
Corollay 3.9. Let Cϕ :H1→H1 be a composition operator deﬁned by a non-constant analytic
symbol ϕ :D→D. Then Cϕ is completely continuous if and only if the set Eϕ={ζ∈T : |ϕ∗(ζ)|=1}
of ‘contact points’ has m-measure zero.
Proof. Recall a result of J.V. Ryﬀ (see [12]) (see also H. Hunziker [7], [8]): if f is in H1(D),
then (f ◦ϕ)∗=f•◦ϕ∗ m-a.e. Consider the Borel measure mϕ :=m((ϕ∗)−1( ·)) on D. We know that
mϕ is a (1,1)-Carleson measure.
Note that Cϕ and Jmϕ are injective since ϕ is non-constant. It follows that Cϕf →Jmϕf
extends to an isometric isomorphism of the closure of the range of Cϕ onto the closure of the range
of Jmϕ . Consequently, Jmϕ is completely continuous iﬀ Cϕ is. By Propositon 3.6, we are done.
We now study the complete continuity of Jµ :Hp(D)→Lq(µ) in the case p<q. The case p>1
is covered by Theorem 3.4 so that we can now restrict to 0<p≤1.
First note that a combination of Theorems 3.6 and 2.5 gives the following:
Corollary 3.10. Let 0<p<1 and µ is a (p,1)-Carleson measure on D then the Carleson
embedding Jµ :Hp(D)→L1(µ) is completely continuous.
For the remaining case we make use of the an extension of Corollary 3.8 from [9]: Let
X be any quasi-Banach space with a separating dual. An operator u :H1(D)→X is completely
continuous if and only if, for some (and then all) 1<s≤∞, the composition u◦is :Hs(D)→X is
compact. As before, is is the formal identity Hs(D)→H1(D).
Corollary 3.11. If 1<q<∞ and µ is a (1,q)-Carleson measure on D, then the Carleson
embedding Jµ :H1(D)→Lq(µ) is completely continuous.
Proof. By Corollary 3.5, Jµ :H1(D)→L1(µ) is compact, and by Proposition 3.2, the same is
true for Jµ :Hq(D)→Lq(µ). Now apply the quoted result.
It was shown by D. Sarason in 1991 (see [13]) that a composition operator Cϕ :H1→H1 is
compact iﬀ it is weakly compact. This generalizes to Carleson measures as well.
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Theorem 3.12. Let 0<p≤1, and let µ be measure on D such that Jµ :Hp(D)→L1(µ) is a weakly
compact operator. Then Jµ is compact.
Proof. The strategy is the same as in [13], but we do not need to employ duality.
We ﬁrst show that µT=0. It suﬃces to look at p=1 since, for 0<p<1, µT=0 is an automatic
consequence of Theorem 2.5. To reach our goal, we use Proposition 2.3 and write µT=F dm with
F ∈L∞(m), F ≥0. We will prove that F =0 m-a.e.
Note that each interval I∈I has the form I=I(zI) where zI ∈D is such that |I|=1−|zI | and
zI/|zI | is the center of I. The continuous function
gI :D → C : z → 1−|zI |
2
(1−zIz)2
is analytic on D and has H1-norm one. A little geometry reveals that |gI(ζ)| ≥ 12|I| for all ζ∈I
and (suﬃciently small) |I| so that 1|I|
∫
I
F dm ≤ 2‖F‖∞
∫
I
|gI |dm. Thanks to our hypothesis, the
gI ’s form an uniformly integrable family in L1(µ). Hence, given ε>0, there is a δ>0 such that if
B⊆D is a Borel set and µ(B)<δ, then ∫
B
|gI |dµ<ε for all intervals I. In particular, if C≥1 is
such that ‖F‖∞≤C then µT(I)=
∫
I
F dm≤C |I|<δ for all I with |I|<δ/C, and so
1
|I|
∫
I
F dm ≤ 2
∫
I
|gI |dm ≤ 2ε .
This proves lim
|I|→0
1
|I|
∫
I
F dm= 0. By Lebesgue’s Diﬀerentiation Theorem, F =0 m-a.e.
Compactness is now obtained by repeating an argument from the proof of Theorem 3.6. Let
in fact (fn) be a bounded sequence in Hp(D). Again it suﬃces to look at a bounded sequence (fn)
in Hp(D) which converges pointwise to zero. By hypothesis and since µT=0, (fn) is uniformly
integrable in L1(µ)=L1(µD). But since fn→0 pointwise on D, Egorov’s Theorem leads us to
limn‖fn‖L1(µ)=0.
Corollary 3.13. Let 0<p≤q<∞ and µ a measure on D. Then µ is a compact (p,q)-Carleson
measure if and only if Jµ :Hp/q(D)→L1(µ) is weakly compact.
Proof. This is clear by Theorem 3.12 and Proposition 3.5.
Each F ∈L∞(m) gives rise to a multiplication operator MF :L1(m)→L1(m):f →fF . The
above argument shows that MF can only be weakly compact if F =0 m-a.e. In fact, just look at
the functions gI :=
χI
|I| , I∈I. – By duality, the conclusion is also valid for multiplication operators
MF :L∞(m)→L∞(m).
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Several related results and generalizations are available. For example, if X is a subspace of
L1(m) which contains a weak null sequence of unimodular functions, then complete continuity of
MF :X→L1(m) obviously implies F =0 m-a.e. This applies to any orthonormal sequence in L2(m)
which consists of unimodular functions (Rademacher functions, trigonometric functions, .... ).
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